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Abstract
We maximize the expected utility from terminal wealth for an
HARA investor when the market price of risk is an unobservable
random variable. We compute the optimal portfolio explicitly and
explore the effects of learning by comparing it with the correspond-
ing myopic policy. In particular, we show that, for a market price
of risk constant in sign, the ratio between the portfolio under partial
observation and its myopic counterpart increases with respect to risk
tolerance. As a consequence, the absolute value of the partial obser-
vation case is larger (smaller) than the myopic one if the investor is
more (less) risk tolerant than the logarithmic investor. Moreover, our
explicit computations enable to study in details the so called hedging
demand induced by learning about market price of risk.
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1 Introduction
This paper is a contribution to continuous-time portfolio selection problems
under partial observation. Pioneering works about partial observation in
financial contexts go back to [7], [8] and [9] where, within an equilibrium
framework, uncertainty is introduced in a linear Gaussian setting. Since
then, financial models with partial observation have been extensively re-
searched in an increasing number of papers. In [15] the Author studies,
by means of martingale methods, the optimal investment and consumption
strategies in a rather general framework and provides explicit results for
logarithmic and power investors in the bayesian specification for the unob-
servable mean rate of return. The same methodology is applied in [16] to
explore further the linear gaussian setting for a terminal wealth maximizer.
By using a dynamic programming approach, the linear gaussian diffusion
specification for the appreciation rate is also studied in [19], who considers
power-type investors, and in [3]. In particular, in the latter work, the Author
assumes a gaussian mean-reverting process for the unobserved process and
power/exponential preferences for the agents – thus extending the model in
[13] to the partial observation setting – and characterizes the value func-
tion and the optimal investment policy by means of a system of ordinary
differential equations, which is then used to study the loss of utility due
to partial observation. The dynamic programming setting is also used in
[4] and [22] to analyze, by means of numerical simulations, the qualitative
and quantitative effects of learning on the portfolio allocation of a power
investor when the mean return on the risky asset is a random variable with
a gaussian prior. The model in [4] is explicitly solved in [20] and used to
compare the cost of uncertainty with that of being constrained to change
portfolio allocations only at discrete times. In [6], a model with constant,
but random, mean rates of returns is used to analyze the value of profes-
sional analysts recommendations. Perhaps, the closest papers to our work
are [12] and [18]. In the first paper, the Authors, by using both martingale
methods and dynamic programming techniques, study in detail the general
bayesian case for the market price of risk for a wide class of terminal wealth
investors. The paper presents explicit solutions and analyzes the cost of
uncertainty by comparing the indirect utility in the partial observable set-
ting with the corresponding complete observation quantity (i.e. the indirect
utility when the market price of risk is a completely observable random vari-
able). Nevertheless, the work does not explore the effects of uncertainty on
the optimal portfolio strategy. In [18], the Authors examine the case where
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the unobservable stock drift rate is described by a continuous-time finite
state Markov chain and investors’ preferences over terminal wealth are of ei-
ther power or logarithmic type. By using a dynamic programming approach,
they first prove a verification theorem for the general case and then solve
explicitly the special bayesian case of a constant finite-state random vari-
able. Moreover, they compare the optimal policy under partial observation
with the myopic portfolio, that is, the portfolio obtained by first solving the
investor’s maximization problem by considering the market price of risk a
given parameter and then replacing the latter with its conditional expected
value. The continuous-time Markov chain model is also studied, using Mar-
tingale methods, Malliavin calculus, and Montecarlo simulations, in [10] and
[21], where more details on the optimal policies are only given for precise
values of the risk-aversion parameter.
The cited works considered the classical diffusion setting for asset prices,
with several specifications for the unobservable drift. Two different ap-
proaches are presented in [5] and [1] where the asset prices are driven by
a pure jump process in the first case, and a jump-diffusion process in the
second. Both works assume unobservable jump intensity and the second
paper also study in some details, obtaining results similar to those in [18],
the effect of uncertainty on the optimal portfolio strategy.
Within the Wiener setting for asset prices, few works – to the best of
our knowledge, the only exceptions are [4], [10], [18], and [6] where par-
tial (often relying on numerical simulations) results are presented – explore
analytically the effect of uncertainty on investment decisions by comparing
portfolio allocations under partial observation with the corresponding my-
opic counterparts. In this paper we study a continuous-time portfolio choice
problem under partial observation where investors are characterized by Hy-
perbolic Absolute Risk Aversion (HARA) utility functions, do not observe
the stock appreciation rate nor the Brownian motion driving the price pro-
cess, and maximize expected utility from terminal wealth by choosing port-
folio strategies based on the stock price observations. We choose a Bayesian
approach by describing the market price of risk as an unobservable ran-
dom variable, independent of the driving Brownian motion, and with known
prior distribution. By means of elementary filtering techniques, the prob-
lem is reduced to a complete observation (and markovian) setting and, by
a dynamic programming approach, solved explicitly. Then, we investigate a
number of properties of both the optimal portfolio under partial observation
and the hedging demand due to market price of risk uncertainty, defined as
the difference between the portfolio under partial observation and the cor-
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responding myopic strategy. In our main result (Theorem 6), we prove, by
using stochastic order arguments, that the ratio between the optimal port-
folios under partial observation and myopic portfolio increases with respect
to the degree of absolute risk tolerance if the market price of risk is constant
in sign (no matter whether positive or negative). A direct consequence of
this result is that the absolute value of the optimal portfolio in the case
of partial observation is larger (respectively smaller) than the myopic case
if the investor is more (respectively less) risk tolerant than the logarithmic
investor. This extends the results in [18], Section 7 and 8, to the general
bayesian case for the market price of risk representation. Moreover, in this
general setting, we also examine the monotonicity of the portfolios as well
as of the hedging demand with respect to the degree of risk tolerance and
answer to a conjecture raised by [18]. In fact, in the constant relative risk
aversion specification for the agent’s preferences and positive market price
of risk, we show that the portfolio under partial observation is increasing
with respect to the degree of risk tolerance, according to the conjecture,
but, contrary to it, the hedging demand is not increasing in the degree of
risk tolerance. Finally, we consider in detail the gaussian case for the un-
observed market price of risk and show that the constancy in sign of the
market price of risk is only a sufficient condition for the optimal portfolios
and the hedging demand to have the properties discussed above. We also
comment on a statement in [4].
The paper is organized as follows. In Section 2 we set the model and
provide the main steps of the analysis. In Section 3 we study the optimal
portfolios in a number of ways and compare our results with the existing
literature. Subsection 3.1 considers the gaussian case. Section 4 discusses
possible issues for future research and concludes.
2 The investment problem
Time is continuous and uncertainty is described by a complete probability
space (Ω,F ,P) equipped with a filtration F := {Ft, 0 ≤ t ≤ T}, T < ∞,
satisfying the usual conditions of right-continuity and P-null sets augmen-
tation, and carrying a standard Brownian motion W := {Wt, 0 ≤ t ≤ T}.
The financial market consists of two tradable assets: a risk-free asset with
constant interest rate r ≥ 0 and a risky asset whose price S is governed by
the stochastic differential equation
dSt = St(bdt+ σdWt), (1)
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where σ is a positive constant and b, the expected rate of return, is a real
random variable. In this framework, if at time t ∈ [0, T ] an investor has an
initial wealth x and chooses a trading strategy pi := {pis, t ≤ s ≤ T}, where
pis ∈ R represents the amount of wealth invested in the risky asset at time
s, then his/her wealth evolves according to
dXs = rXsds+ σpis(Θds+ dWs), Xt = x, t ≤ s ≤ T, (2)
where the market price of risk Θ := (b− r)/σ is assumed independent of W
and with a known prior distribution
µ(A) := P(Θ ∈ A), A ∈ B(R), (3)
that satisfy
∫
R
|θ|µ(dθ) < ∞. The investor does not observe Θ nor the
Brownian motion W, whereas she/he continuously observe S and aims at
maximizing the expected value
E [u (XT )] (4)
by choosing an investment strategy pi based on the available information at
time t, where u belongs to one of the following classes of Hyperbolic Absolute
Risk Aversion (HARA) utility functions:
1. Power utilities:
uγ(x) =
1− γ
γ
(
βx
1− γ + η
)γ
; γ < 1, γ 6= 0, β > 0, x ∈ Dγ, (5)
where Dγ := {x | βx/(1− γ) + η > 0} (the case η = 0 corresponds to
the Constant Relative Risk Aversion (CRRA) family).
2. Logarithmic utilities:
ulog(x) = ln(βx+ η); β > 0, x ∈ Dlog, (6)
where Dlog := {x | βx+ η > 0}.
3. Exponential utilities:
uexp(x) = − exp(−βx); β > 0, x ∈ Dexp, (7)
where Dexp = R (this is the Constant Absolute Risk Aversion (CARA)
family).
Notice that logarithmic and exponential utilities can be seen, respectively,
as limit cases as γ → 0 and γ → −∞ of the power utilities. In particular,
the logarithmic utility is the limit, as γ → 0, of uγ(x) − (1 − γ)/γ, which,
being a translation of uγ(x), represents the same preferences of the latter;
whereas the exponential utility is the limit, as γ → −∞, of uγ(x) with η = 1.
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2.1 The analysis
The analysis is mainly concerned with power utilities, for the other two
classes we just provide the main results. Let
F
S :=
{FSt , 0 ≤ t ≤ T} (8)
be the P-augmented filtration generated by S, then, for an agent with pref-
erences characterized by a utility function ui (with i ∈ {γ, log, exp}, see,
respectively, (5), (6), and (7)), an investment strategy pi is admissible at
time t with initial wealth x, and we write pi ∈ At, if it is FS-progressively
measurable, E[
∫ T
t
pi2sds] < ∞, and (2) admits a unique strong solution
{Xs, t ≤ s ≤ T} such that P(
{
Xse
r(T−s) ∈ Di, t ≤ s ≤ T
}
) = 1 (where Di
is the domain of the utility function ui, i ∈ {γ, log, exp}).1 Now, the re-
sulting portfolio problem, which is not of complete observation type (nor
markovian), can be reduced within a complete observation setting by means
of standard filtering techniques (see, for instance, [12] or Section 6 in [18]).
Let
µt(A) := P[Θ ∈ A | FSt ], A ∈ B(R), 0 ≤ t ≤ T, (9)
and
Θˆt := E[Θ | FSt ] =
∫
R
θ µt(dθ), 0 ≤ t ≤ T, (10)
be, respectively, the Θ’s conditional probability and expectation given FSt .
We will represent Xt in (2) and Θˆt in (10) (or, equivalently, µt in (9))
as solutions of stochastic differential equations driven by a FS-Brownian
motion. To this aim, define the (P,FΘ,W )-exponential martingale density
process
Zt := exp
(
−ΘWt − Θ
2
2
t
)
, 0 ≤ t ≤ T, (11)
where FΘ,W := {FΘ,Wt , 0 ≤ t ≤ T} is the P-augmented filtration generated
by W and Θ (notice that FS is “smaller” than FΘ,W in the sense that FSt ⊂
FΘ,Wt for all 0 ≤ t ≤ T : partial observation). Then, by Girsanov theorem,
the process W˜ := {Yt, 0 ≤ t ≤ T}, with
Yt := Θt +Wt, 0 ≤ t ≤ T, (12)
1Observe that additional conditions on the parameters and/or on the prior of Θ could
be required to ensure a well-defined problem (see, for instance, Assumption 3.1 in [12] or
Section 8 in [19]). However, here we are not concerned with this issue.
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is a FΘ,W -Brownian motion under the probability measure P˜ defined by the
Radon-Nikodym derivative
dP˜
dP
= ZT . (13)
The processes {St, 0 ≤ t ≤ T} and {Yt, 0 ≤ t ≤ T} generate the same
filtration; hence, W˜ is also a FS-Brownian motion independent of Θ under
P˜ and P˜[Θ ∈ A] = P[Θ ∈ A] = µ(A), for all A ∈ B(R). Furthermore,
Z−1t = exp
(
ΘYt − Θ
2
2
t
)
, 0 ≤ t ≤ T, (14)
is a (P˜,FΘ,W )-martingale and
E˜[Z−1T | FSt ] =
{
F (t, Yt), 0 < t ≤ T,
1, t = 0,
(15)
where
F (t, y) :=
∫
R
exp
(
θy − θ
2
2
t
)
µ(dθ), (t, y) ∈ (0, T ]× R. (16)
Moreover,
E˜[Z−1T 1A(Θ) | FSt ] =
{∫
A
eθy−θ
2t/2µ(dθ) |y=Yt , 0 < t ≤ T,
µ(A), t = 0,
(17)
where 1A is the indicator function of A ∈ B(R), and, by Bayes’ rule (see
[11], Lemma 5.3 p. 193),
µt(A) =
E˜[Z−1T 1A(Θ) | FSt ]
E˜[Z−1T | FSt ]
, A ∈ B(R). (18)
Then, the following representation for Θˆt (see (10)) holds: Θˆ0 =
∫
R
θ µ(dθ)
and2
Θˆt =
∫
R
θp(t, y, θ)µ(dθ)
∣∣∣∣
y=Yt
=
F ′y(t, Yt)
F (t, Yt)
, 0 < t ≤ T, (19)
where
p(t, y, θ) :=
eθy−θ
2t/2
F (t, y)
, (t, y, θ) ∈ (0, T ]× R× R. (20)
2In the sequel, for a given function ψ(x1, x2, x3), ψ
′
xi
denotes the first partial derivative
w.r.t. xi and ψ
′′
xixj
denotes the second partial derivative w.r.t. xi, xj (i, j = 1, 2, 3).
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Therefore, p(t, y, ·) and
Θˆ(t, y) :=
∫
R
θp(t, y, θ)µ(dθ), (t, y) ∈ (0, T ]× R, (21)
represent, respectively, Θ’s conditional density, w.r.t. the dominating mea-
sure µ(dθ), and Θ’s conditional expected value if at time t we observe
Yt = y. Moreover, the representation Θˆt = Θˆ(t, Yt) implies that the pro-
cess {Yt, 0 ≤ t ≤ T}, whose differential is nothing but the observed market
price of risk since
dYt =
1
σ
(
dSt
St
− rdt
)
, (22)
represents a sufficient statistics for the estimation of Θ and, by Itoˆ’s rule,
dΘˆt = VˆΘ(t)
(
dYt − Θˆtdt
)
, (23)
where
VˆΘ(t) := E
[(
Θ− Θˆt
)2
| FSt
]
(24)
is the Θ’s conditional variance. That is, the changes over time of the Bayes’
estimator Θˆt are opposite proportional, by a factor equal to the conditional
variance, to the observed error
Θˆtdt− dYt. (25)
In other words, the estimation of Θ follows an adaptive learning process.
Furthermore, the representation pˆt(θ) := p(t, Yt, θ) (see (20)) for Θ’s condi-
tional density and Itoˆ’s rule yield
dpˆt(θ) = pˆt(θ)(θ − Θˆt)(dYt − Θˆtdt), (26)
where the process Yt −
∫ t
0
Θˆsds, known as innovation process in filtering
theory, is a FS-brownian motion under the original probability measure P.
Given the previous definitions, for i ∈ {γ, exp, log} and (t, x, y) ∈ [0, T ]×
R×R such that xer(T−t) ∈ Di (see (5), (6), and (7)), the original investment
problem (2)-(4) is equivalent to the following markovian problem: maximize
E˜
t,x,y [F (T, YT )ui (XT )] , (27)
over all pi ∈ At, subject to{
dXs = rXsds+ pisσdW˜s, Xt = x
dYs = dW˜s, Yt = y,
(28)
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where E˜t,x,y denotes the conditional expectation, w.r.t. P˜, given Xt = x and
Yt = y. The value function is
Vˆi(t, x, y) := sup
pi∈At
E˜
t,x,y [F (T, YT )ui (XT )] , (29)
and, under appropriate regularity conditions, the dynamic programming
principle yields the following Hamilton-Jacobi-Bellman equation for Vˆi:
f ′t + sup
pi∈R
{
1
2
σ2pi2f ′′xx + σpif
′′
xy +
1
2
f ′′yy + rxf
′
x
}
= 0, (30)
for all (t, x, y) ∈ [0, T )× R× R s.t. xer(T−t) ∈ Di, with boundary condition
f(T, x, y) = F (T, y)ui(x), (x, y) ∈ Di × R, (31)
i ∈ {γ, exp, log}. Assuming f ′′xx < 0, the maximization on the LHS of (30)
gives the following optimal value for pi:
pi = − f
′′
xy
σf ′′xx
. (32)
By substituting (32) back into (30), the latter reduces to
f ′t −
1
2
(
f ′′xy
)2
f ′′xx
+
1
2
f ′′yy + rxf
′
x = 0. (33)
Power utilities. If γ < 1, γ 6= 0, we try a solution of the form
f(t, x, y) = uγ
(
xer(T−t)
)
h(t, y)1−γ. (34)
By computing the partial derivatives and substituting into (33), it is found
that (34) is a solution of (33)-(31) if and only if h solves
h′t +
1
2
h′′yy = 0, (t, y) ∈ [0, T )× R, (35)
with boundary condition h(T, y) = F (T, y)1/(1−γ), y ∈ R. An application of
Feynman-Kac formula yields the following solution for (35):
hˆ(t, y; γ) :=
{ ∫
R
F (T, y + z)1/(1−γ)ϕT−t(z)dz, (t, y) ∈ [0, T )× R
F (T, y)1/(1−γ), (t, y) ∈ {T} × R, (36)
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where ϕT−t(·) is the normal density with mean 0 and variance T − t. Then,
a standard verification argument will enable us to prove the following rep-
resentation for the value function (29) with i = γ:
Vˆγ(t, x, y) = uγ
(
xer(T−t)
)
hˆ(t, y; γ)1−γ, (37)
for all (t, x, y) ∈ [0, T ]×R×R s.t. xer(T−t) ∈ Dγ , and the optimality of the
markov policy (see (32))
pˆiγ(t, x, y) :=
(
x
σ(1− γ) +
ηe−r(T−t)
σβ
)∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz, (38)
(t, x, y) ∈ [0, T )× R × R s.t. xer(T−t) ∈ Dγ, where Θˆ(·, ·) is defined in (21)
and
q(t, y, z; γ) :=
F (T, y + z)1/(1−γ)ϕT−t(z)∫
R
F (T, y + z)1/(1−γ)ϕT−t(z)dz
, (39)
(t, y, z) ∈ [0, T ) × R × R. Notice that q(t, y, ·; γ) is a probability density
function w.r.t. the Lebesgue measure for all (t, y) ∈ [0, T )× R and for any
γ < 1.
Remark 1 Let {X∗s , t ≤ s ≤ T} be the optimal wealth process in (28) once
we substitute the optimal feedback policy (38). Then, by Itoˆ’s rule,
P˜(
{
X∗s e
r(T−s) ∈ Dγ, t ≤ s ≤ T
}
) = 1,
if the initial condition (t, x) is such that xer(T−t) ∈ Dγ (cf. [17]). Therefore,
the expression on the RHS of (37) is well-defined and the first factor on the
RHS of (38) is positive along the optimal wealth process.
Logarithmic and Exponential utilities. Similar computations show that
the value functions for the logarithmic and exponential utilities (see (6) and
(7)) are, respectively,
Vˆlog(t, x, y) = F (t, y)ulog(xer(T−t))− F (t, y) lnF (t, y)
+
∫
R
F (T, z + y) lnF (T, z + y)ϕT−t(z)dz
(40)
and
Vˆexp(t, x, y) = uexp(xer(T−t)) exp
(∫
R
lnF (T, z + y)ϕT−t(z)dz
)
. (41)
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The corresponding optimal portfolios are, respectively,
pˆilog(t, x, y) :=
(
x
σ
+
ηe−r(T−t)
σβ
)
Θˆ(t, y) (42)
and
pˆiexp(t, x, y) :=
e−r(T−t)
σβ
∫
R
Θˆ(T, y + z)ϕT−t(z)dz, (43)
where, again, Θˆ(·, ·) is defined in (21). The following Proposition proves
that the logarithmic and exponential portfolios (42) and (43) are the limits,
respectively as γ → 0 and as γ → −∞, of the power portfolio (38).
Proposition 2 (i) For any (t, x, y) ∈ [0, T ) × R × R such that xer(T−t) ∈
Dlog, we have
lim
γ→0
pˆiγ(t, x, y) = pˆilog(t, x, y). (44)
(ii) For each (t, x, y) ∈ [0, T ) × Dexp × R, the exponential portfolio is the
limit, as γ → −∞, of the power portfolio with η = 1, that is
lim
γ→−∞
(
pˆiγ(t, x, y)|η=1
)
= pˆiexp(t, x, y). (45)
Proof. (i) The result follows by observing that
lim
γ→0
∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz =
∫
R
Θˆ(T, y + z)
F (T, y + z)ϕT−t(z)∫
R
F (T, y + z)ϕT−t(z)dz
dz
=
∫
R
∫
R
θeθ(z+y)−θ
2T/2µ(dθ)ϕT−t(z)dz∫
R
∫
R
eθ(z+y)−θ2T/2µ(dθ)ϕT−t(z)dz
=
∫
R
∫
R
θeθ(z+y)−θ
2T/2ϕT−t(z)dzµ(dθ)∫
R
∫
R
eθ(z+y)−θ2T/2ϕT−t(z)dzµ(dθ)
=
∫
R
θeθy−θ
2t/2µ(dθ)∫
R
eθy−θ2t/2µ(dθ)
= Θˆ(t, y),
where the first equality is a consequence of the dominated convergence the-
orem, and the third makes use of Fubini’s theorem.
(ii) Again, the result follows by observing that, by the dominated conver-
gence theorem,
lim
γ→−∞
∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz =
∫
R
Θˆ(T, y + z)ϕT−t(z) dz.
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Remark 3 Item (i) of previous proposition proves the following represen-
tation for Θˆ(t, y) in (21):
Θˆ(t, y) =
∫
R
Θˆ(T, y + z)q(t, y, z; 0)dz, (46)
for all (t, y) ∈ [0, T )× R.
3 Learning and portfolio decision
In this section we analyse in more details the results of the previous section
and show a number of properties of the optimal portfolios. In particular,
we explore the effect of learning on portfolio decisions by comparing the
portfolios (38), (42), and (43) with the so called myopic strategies. We say
that an investor is myopic if she/he refrains from learning about the true
distribution of Θ in the sense that, having observed Yt = y at time t, he
behaves as the expected value Θˆ(t, y) were certain. In other words, the
investors first solve the maximization problem by considering the market
price of risk a parameter – say, Θ ≡ θ, θ ∈ R – and then replace the latter
with its conditional expected value in the optimal investment policy. The
optimal Merton’s portfolios associated to a market price of risk constant and
equal to θ are the following: for the power utility investor,
piMertonγ (t, x, y; θ) :=
(
x
σ(1− γ) +
ηe−r(T−t)
σβ
)
θ, (47)
γ < 1, γ 6= 0; for the logarithmic and exponential investor we have, respec-
tively,
piMertonlog (t, x, y; θ) :=
(
x
σ
+
ηe−r(T−t)
σβ
)
θ (48)
and
piMertonexp (t, x, y; θ) :=
e−r(T−t)
σβ
θ. (49)
Notice that also in the Merton’s model the logarithmic and exponential
portfolios are the limits, respectively as γ → 0 and as γ → −∞, of the
power portfolio.
Remark 4 For a logarithmic investor the portfolio under partial observa-
tion (42) is obtained by substituting into Merton’s portfolio (48) the param-
eter θ with its conditional expected value Θˆ(t, y) (see (21)), that is,
pˆilog(t, x, y) = pi
Merton
log (t, x, y; Θˆ(t, y)). (50)
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This is the so-called certainty equivalence principle and does not hold for
other types of preferences (see [14]). In other words, the logarithmic investor
is myopic.
Now, the myopic strategies for the power, logarithmic and exponential in-
vestors are thus defined:
pimγ (t, x, y) := pi
Merton
γ (t, x, y; Θˆ(t, y)) =
(
x
σ(1− γ) +
ηe−r(T−t)
σβ
)
Θˆ(t, y),
(51)
pimlog(t, x, y) := pi
Merton
log (t, x, y; Θˆ(t, y)) =
(
x
σ
+
ηe−r(T−t)
σβ
)
Θˆ(t, y), (52)
and
pimexp(t, x, y) := pi
Merton
exp (t, x, y; Θˆ(t, y)) =
e−r(T−t)
σβ
Θˆ(t, y). (53)
The following proposition shows that all HARA investors become myopic
as time elapses.
Proposition 5 For each class of HARA utility functions (5), (6), and (7),
the portfolio under partial observation tends, as t→ T , to the corresponding
myopic portfolio. That is, for each i ∈ {γ, exp, log},
lim
t→T
pˆii(t, x, y) = pi
m
i (T, x, y), (x, y) ∈ Di × R. (54)
Proof. There is nothing to prove for the logarithmic utility. For the power
utility, by recalling (38) and (51), it suffices to show that, for any γ < 1 and
any y ∈ R,
lim
t→T
∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz = Θˆ(T, y).
This is established by using the representation
∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz =
E
[
Θˆ(T, y +WT−t)F (T, y +WT−t)
1/(1−γ)
]
E [F (T, y +WT−t)1/(1−γ)]
,
together with the continuity of the functions Θˆ and F (see, respectively, (21)
and (16)), and observing that WT−t → 0, almost surely, as t → T . For the
exponential utility the proof proceeds similarly.
The next result and its implications generalize Theorem 6 in [18] to the
case of a market price of risk described by a general random variable.
13
Theorem 6 Assume the random variable Θ is constant in sign µ−a.s. (i.e.,
either Θ takes only positive values or only negative values3). Then, for any
fixed (t, y) ∈ [0, T )× R and x ∈ Dγ, the ratio
pˆiγ(t, x, y)
pimγ (t, x, y)
, γ < 1, (55)
is positive, has limit 1 as γ → 0, and is increasing with respect to γ.
Proof. The assertions that pˆiγ/pi
m
γ is positive and has limit equal to 1, as
γ → 0, follow by recalling definition (21), representation (46) and observing
that
pˆiγ(t, x, y)
pimγ (t, x, y)
=
∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz
Θˆ(t, y)
=
∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz∫
R
Θˆ(T, y + z)q(t, y, z; 0)dz
,
(56)
To prove the monotonicity of pˆiγ/pi
m
γ w.r.t. γ, it suffices to show that, for
any fixed (t, y) ∈ [0, T )× R,
f(t, y, γ) :=
∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz, γ < 1, (57)
as a function of γ, is increasing if Θ is positive and decreasing if Θ is negative.
To this end, let γ1 < γ2 < 1 and consider the ratio of densities (w.r.t. z)
q(t, y, z; γ2)
q(t, y, z; γ1)
=
∫
R
F (T, y + z)1/(1−γ1)ϕT−t(z)dz∫
R
F (T, y + z)1/(1−γ2)ϕT−t(z)dz
× F (T, y + z)
1/(1−γ2)
F (T, y + z)1/(1−γ1)
= C(t, y, γ1, γ2)× F (T, y + z)k
where
C(t, y, γ1, γ2) :=
∫
R
F (T, y + z)1/(1−γ1)ϕT−t(z)dz∫
R
F (T, y + z)1/(1−γ2)ϕT−t(z)dz
> 0
and
k :=
1
1− γ2 −
1
1− γ1 > 0.
Hence, q(t, y, z; γ2)/q(t, y, z; γ1) is increasing w.r.t. z if and only if F (T, y+z)
is increasing w.r.t. z and (see definition (16)) F (T, y + z), as a function of
z, is increasing if Θ ≥ 0 and decreasing if Θ ≤ 0. Therefore, the random
3Presumably, the case of negative values is not the most realistic situation from a
financial point of view, albeit it cannot be excluded.
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variable with density q(t, y, ·; γ2) dominates, with respect to the likelihood
ratio order and hence in the usual stochastic order, the random variable with
density q(t, y, ·; γ1) if Θ ≥ 0, whereas the dominance is reversed if Θ ≤ 0
(see [2], Appendix B.3). If Θˆ(T, y + z) were increasing w.r.t. z, then the
stochastic dominance just proved would imply
f(t, y, γ1) =
∫
R
Θˆ(T, y + z)q(t, y, z; γ1)dz
≤
∫
R
Θˆ(T, y + z)q(t, y, z; γ2)dz = f(t, y, γ2),
if Θ ≥ 0, and the opposite inequality if Θ ≤ 0. That is, the claimed
monotonicity for f .
To complete the proof we need to show that Θˆ(T, y + z) is increasing
w.r.t. z. To see this, observe that for any t ∈ (0, T ] and any y1 < y2, the
ratio of densities, w.r.t. the dominating measure µ(dθ) (see (20)),
p(t, y2, θ)
p(t, y1, θ)
= eθ(y2−y1)D(t, y1, y2),
where D(t, y1, y2) := F (t, y1)/F (t, y2) > 0 (see (16)), is increasing w.r.t. θ.
Hence, by the likelihood ratio order, we have
Θˆ(t, y1) =
∫
R
θp(t, y1, θ)µ(dθ) ≤
∫
R
θp(t, y2, θ)µ(dθ) = Θˆ(t, y2),
for any t ∈ (0, T ]. In particular, Θˆ(T, y + z) is increasing w.r.t. z.
Remark 7 If the market price of risk Θ is constant in sign then Theorem
6 implies sign (pˆiγ) = sign
(
pimγ
)
= sign (Θ) and
if γ > 0, then |pˆiγ | ≥
∣∣pimγ ∣∣ , and if γ < 0, then |pˆiγ | ≤ ∣∣pimγ ∣∣ . (58)
The intuition for the previous result is as follows. Since agents can be either
short or long on the market, it is the magnitude of the market price of risk
rather than its sign that makes the risky asset attractive for aggressive power
investors (i.e., power investor with 0 < γ < 1). That is why, for 0 < γ < 1,
non-negative market price of risk implies pˆiγ ≥ pimγ and non-positive market
price of risk implies pˆiγ ≤ pimγ . Conservative power investors (i.e. power
investor with γ < 0) behave in the opposite direction (cf. [4], see also [13],
Section 3). We further notice that |pˆiγ | itself is increasing w.r.t. γ; that is,
the higher is the risk tolerance, the more is the wealth invested into the risky
asset.
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Remark 8 Let θ1, θ2 ∈ R and assume 0 < θ1 ≤ Θ ≤ θ2, µ − a.s., then
θ1 ≤ Θˆ(t, y) ≤ θ2 (see 21), and
θ1
θ2
≤ pˆiγ(t, x, y)
pimγ (t, x, y)
≤ θ2
θ1
, γ < 1, (59)
for all (t, x, y) ∈ [0, T )×Dγ × R (see 56). Therefore,
θ1
θ2
≤ lim
γ→−∞
pˆiγ(t, x, y)
pimγ (t, x, y)
≤ 1 ≤ lim
γ→1−
pˆiγ(t, x, y)
pimγ (t, x, y)
≤ θ2
θ1
. (60)
Notice that the limits, as γ → −∞ and as γ → 1−, of pˆiγ/pim depend, in
general, on the distribution of Θ.
Remark 9 Theorem 6 enables us to investigate the monotonicity of pˆiγ and
pˆiγ −pimγ with respect to γ. In particular, the latter difference, in light of the
decomposition
pˆiγ = pi
m
γ + (pˆiγ − pimγ ), (61)
might be considered a sort of hedging demand against market price of risk
uncertainty (cf. [4] and [10], where the analysis is performed numerically,
see also [6]). Without loss of generality, we present the case of a positive
market price of risk, the results are reversed in the case of a negative market
price of risk. Moreover, with respect to the parameter η, two cases are of
interest: η = 0 and η = 1 (since all the other cases can be either treated
similarly or reduced to one of them). For the sake of comparison, we also
examine pimγ .
(a) Case η = 0. Here, we extend the results in [18], Sections 7 and 8, to
the case of a general random variable for the market price of risk. We have
Dγ = {x ∈ R | x > 0},
pˆiγ(t, x, y) =
x
σ(1− γ)
∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz, (62)
and, by (46),
pˆiγ(t, x, y)−pimγ (t, x, y) =
x
σ(1− γ)
∫
R
Θˆ(T, y+z)(q(t, y, z; γ)−q(t, y, z; 0))dz.
(63)
Notice that the first factor in the LHS of (63) is positive and increasing
w.r.t. γ, and that the second factor is also increasing w.r.t. γ, but positive
for γ > 0 and negative for γ < 0 (see Theorem 6’s proof). Then, for any
(t, x, y) ∈ [0, T )× (0,∞)× R:
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(i) pˆiγ and pi
m
γ are both increasing w.r.t. γ,
lim
γ→−∞
pˆiγ = lim
γ→−∞
pimγ = 0
+, and lim
γ→1−
pˆiγ = lim
γ→1−
pimγ = +∞, (64)
provided, for the limit as γ → 1−, that the value function and the
optimal portfolios exist in a left neighborhood of γ = 1 (see Remark
11 ahead for this issue in the gaussian setting). Hence, our analysis
confirms the conjecture in [18], p. 376, on the monotonicity of pˆiγ ,
w.r.t. γ.
(ii) The difference pˆiγ − pimγ is such that
lim
γ→−∞
pˆiγ − pimγ = lim
γ→0
pˆiγ − pimγ = 0 and lim
γ→1−
pˆiγ − pimγ = +∞, (65)
where, as before, the last limit relies on the existence of the portfolios
in a left neighborhood of γ = 1. Furthermore, there exists −∞ <
γ ≤ 0 such that pˆiγ − pimγ is increasing for all γ ≥ γ, albeit such
a difference is not increasing for all γ ∈ (−∞, 1), contrary to what
has been conjectured in [18], p. 376. Notice that in [18] the portfolio
represents the fraction of wealth invested in the risky asset rather than
the amount, but this does not affect the validity of our results also in
their setting.
(b) Case η = 1. Then,
pˆiγ(t, x, y) =
(
x
σ(1− γ) +
e−r(T−t)
σβ
)∫
R
Θˆ(T, y + z)q(t, y, z; γ)dz, (66)
and
pˆiγ(t, x, y)− pimγ (t, x, y) =
(
x
σ(1− γ) +
e−r(T−t)
σβ
)
×
∫
R
Θˆ(T, y + z)(q(t, y, z; γ)− q(t, y, z; 0))dz.
(67)
By Remark 1, the first factor in the LHS of (67) is positive, it is increasing
w.r.t. γ, if x ≥ 0, and (strictly) decreasing, if x < 0.
– If x ≥ 0, the behaviors of pˆiγ and pˆiγ − pimγ are identical to case 3(a)
except for the limits as γ → −∞, which are computed according to
Proposition 2, and the monotonicity of pˆiγ − pimγ , where, depending on
the distribution of Θ and/or the value for x, we may have γ = −∞
(i.e. the difference might be increasing in its entire domain).
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– If x < 0, then γ ≤ 1 + xβer(T−t) < 1, the limits of pˆiγ and pˆiγ − pimγ , as
γ → −∞, are as before, and there exists γ¯ < 1 + xβer(T−t) such that
pˆiγ − pimγ is increasing for all γ ≤ γ¯.
Remark 10 The quantity
pˆiγ − pimγ
pimγ
=
pˆiγ
pimγ
− 1 (68)
could be defined as relative hedging demand for uncertainty, whose proper-
ties can be easily deduced from Theorem 6 and remarks thereafter.
If the market price of risk Θ is not constant in sign then, in general,
Theorem 6 and its Remarks no longer hold – an exception is the case of a
gaussian prior (see Subsection 3.1 ahead) – as the numerical example in [18],
Figure 2 page 376, shows.
For the sake of completeness, we present also the portfolio ratios for log-
arithmic and exponential investors. By Remark 4, pˆilog(t, x, y)/pi
m
log(t, x, y) is
identically equal to 1. Whereas, for exponential preferences, if Θ is constant
in sign, the stochastic order technique used in the proof of Theorem 6, item
(ii), proves
0 ≤ pˆiexp(t, x, y)
pimexp(t, x, y)
≤ 1, (69)
for all (t, x, y) ∈ [0, T )×Dexp×R. This could also be established by observing
that Theorem 6, item (ii), and Proposition 2 imply
pˆiexp(t, x, y)
pimexp(t, x, y)
= lim
γ→−∞
pˆiγ(t, x, y)
pimγ (t, x, y)
≤ 1, (70)
for all (t, x, y) ∈ [0, T )×Dexp × R.
3.1 The Gaussian case
If the prior of Θ is normally distributed with mean m and variance v2, then
the integrals in (16), (21), and (38) may be computed explicitly to yield,
respectively,
F (t, y) =
1√
1 + v2t
exp
(
(m+ v2y)2
2v2(1 + v2t)
− m
2
2v2
)
, (71)
18
Θˆ(t, y) =
m+ v2y
1 + v2t
, (72)
and
pˆiγ(t, x, y) =
(
x
σ(1− γ) +
ηe−r(T−t)
σβ
)
Θˆ(t, y)
(1− γ)(1 + v2t)
(1− γ)− γv2T + v2t . (73)
This case is considered in [4] and explicitly solved in [20]. In particular,
in [4], the Author assumes standard power preferences and the portfolio
represents the fraction of wealth invested into the risky asset; hence, the
optimal portfolio in that setting (equation (9), page 300) is given by (73)
with η = 0 and x = 1.4
Remark 11 Existence and finiteness of portfolio (73) are guaranteed under
the condition (1−γ)−γv2T > 0 (cf. [12], Remark 5.6). Hence, the analysis
of pˆiγ, pˆiγ/pi
m
γ , as well as pˆiγ − pimγ , w.r.t. γ, makes sense only for γ <
1/(1 + v2T ) < 1.
Now, for all γ < 1/(1 + v2T ) < 1, the ratio
pˆiγ(t, x, y)
pimγ (t, x, y)
=
(1− γ)(1 + tv2)
(1− γ)− γv2T + v2t , (74)
is positive, has limit 1 as γ → 0, and is increasing with respect to γ. There-
fore, with reference to Theorem 6, the constancy in sign of the market price
of risk Θ represents only a sufficient condition for the claimed properties of
the portfolio ratio pˆiγ/pi
m
γ . Furthermore, similarly to Remark 7, we have
sign (pˆiγ(t, x, y)) = sign
(
pimγ (t, x, y)
)
= sign
(
Θˆ(t, y)
)
(75)
and (58) holds. Here, our analysis disagrees with [4] where the Author seems
to claim that if γ > 0 then pˆiγ ≥ pimγ , and if γ < 0, then pˆiγ ≤ pimγ , at least if
we should take literally a proposition on the Abstract at page 295 (see also
page 300). But, as our study shows, this is true if and only if Θˆ(t, y) ≥ 0
and, in a gaussian setting, we may very well have Θˆ(t, y) ≤ 0, in which case
the order between the portfolios is reversed. Hence, the precise statement
on page 295 should read as follows: “... the possibility of learning about
the mean return on the risky asset induces the investor to take a larger
4In Brennan’s notation, the portfolio α numerically approximated in Table I, page 302,
has the following analytic form: α = (m0 − r) /(σ2(1 − γ − γ (v0/σ)2 T )).
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or smaller position, in absolute value, in the risky asset than she would if
there were no learning, the direction of the effect depending on whether the
investor is more or less risk tolerant than the logarithmic investor.”
The hedging demand in the gaussian setting becomes
pˆiγ(t, x, y)−pimγ (t, x, y) =
(
x
σ(1− γ) +
ηe−r(T−t)
σβ
)
Θˆ(t, y)
γv2(T − t)
(1− γ)− γv2T + v2t ,
(76)
and the analysis as well as the conclusions about monotonicity of pˆiγ and
pˆiγ − pimγ with respect to γ are, depending on the sign of Θˆ(t, y), similar to
those of Remark 9. Moreover, the relative hedging demand (see Remark 10)
takes the following very simple form:
pˆiγ − pimγ
pimγ
=
γv2(T − t)
(1− γ)− γv2T + v2t , (77)
which dramatically explodes as γ → (1 + v2t)/(1 + v2T ) < 1, meaning that
the effects of uncertainty may be very relevant in the portfolio allocation for
certain power investors.
The optimal portfolios for logarithmic and exponential investors in the
gaussian setting can be obtained by computing the limits of (73), respec-
tively, as γ → 0 and as γ → −∞.
4 Conclusions
In this paper we study the problem of maximizing the expected utility from
terminal wealth for HARA investors when the market price of risk is repre-
sented by an unobservable random variable with known general prior distri-
bution. We solve the problem and compare the optimal portfolio with the
corresponding myopic strategy, that is the portfolio obtained by first solv-
ing the investor’s maximization problem by considering the market price of
risk a given parameter and then replacing the latter with its conditional
expected value. We show that, if the prior for the market price of risk is
constant in sign, then the ratio between the portfolio under partial obser-
vation and the corresponding myopic case is increasing with respect to the
degree of risk tolerance (to be precise, the ratio is increasing with respect to
the sensitivity of absolute risk tolerance to wealth). This has a number of
consequences such as: 1) The absolute value of portfolio under partial ob-
servation is increasing with respect to risk tolerance and it is larger than the
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myopic counterpart if and only if the investor is more risk tolerant than the
logarithmic investor (Remark 7); 2) The absolute hedging demand against
uncertainty is increasing at least for degree of risk tolerance sufficiently high
(Remark 9); 3) The relative hedging demand is increasing for all possible
degree of risk tolerance (Remark 10).
The model presented in this paper can be further studied in a number of
ways. First, a question of interest is what other types of prior distributions
guarantee the properties established in Theorem 6 for the portfolios ratio. A
second issue worth of investigation is the loss of utility for a myopic investor
(a sort of cost of myopia). Finally, it would be interesting to compare the
optimal portfolio under partial observation with the case where the market
price of risk is a completely observable random variable (some works have
already begun the exploration of this issue, see, for instance, [12] and [3].
All these are subjects for future research.
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